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ADAPTED SETS OF MEASURES AND
INVARIANT FUNCTIONALS ON L*(G)

RODNEY NILLSEN

ABSTRACT. Let G be a locally compact group. If G is compact, let Lﬁ(G)
denote the functions in L?(G) having zero Haar integral. Let M ! (G) denote
the probability measures on G and let 9'(6) =M l(G) n L](G). If SC

M'(G), let A(L’(G), S) denote the subspace of L”(G) generated by functions
of the form f—pux*f, f€LP(G), pneS.If G is compact, A(L’(G), S) C
Lg (G). When G is compact, conditions are given on S which ensure that
for some finite subset F of S, A(L?(G), F) = L§(G) forall 1 <p < oo.
The finite subset F will then have the property that every F-invariant linear
functional on L?(G) is a multiple of Haar measure. Some results of a contrary
nature are presented for noncompact groups. For example, if 1 < p < o0,
conditions are given upon G, and upon subsets S of M ! (G) whose elements
satisfy certain growth conditions, which ensure that L”(G) has discontinuous,
S-invariant linear functionals. The results are applied to show that for 1 < p <
oo, L’(R) has an infinite, independent family of discontinuous translation

invariant functionals which are not ' (R)-invariant.

1. INTRODUCTION

On the circle group T let L3(T) = {f:f € LX(T) and [, f=0}.If >0
on T, [;¢ =1 and ¢ denotes the Fourier Transform of ¢, then |¢| is
bounded away from one on ZN{0}°. Consequently, the linear operator defined
on £*(Zn{0}) by d —» d — ¢d is bounded and invertible. It then follows
from the Riesz-Fischer Theorem that Lg(T) ={f-oxf:f€ L2(T)} . Itis an
easy consequence of this that any ¢-invariant linear functional on L? (T) is a
multiple of Lebesgue measure and is therefore continuous.

One purpose of this paper is to extend these results in several ways. The
circle group is replaced by a general compact group G, L(z,(T) is replaced by
L§(G)={f:f € L°(G) and [;f =0} and instead of considering convolution
by a single probability measure in L' (T), as above, convolutions by elements of
some given family of probability measures on G are considered simultaneously.
Here, the main result is the following.

Theorem. Let G be a compact group with dual G and let S be a subset of
M'(G) such that (i) the elements of S are not simultaneously supported by a
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proper closed subgroup of G, and (ii) some average of elements of S has a
Fourier transform whose norm is bounded away from one on the complement of
some finite subset of G. Then there exist i, l,, ..., i, € S so that for all
l<p<oo,

L{(G) = {Z(fi—yi*fi):fl,fz,...,fneL”(G)}.
i=1

Also, any linear functional on LP(G) which is U;-invariant for each 1 <i<n,
is a multiple of Haar measure and is therefore continuous.

This type of result is an analogue for convolutions of earlier results which
have been obtained for translations in L”(G). Among these is the result of
G. Meisters and W. Schmidt [6] according to which every translation invariant
linear form on L2(G) is continuous, for any compact connected abelian group
G . On the other hand, Meisters showed in [7] that if G is compact and dis-
connected, or if G is noncompact, L2(G) may have discontinuous translation
invariant linear functionals. If G is a given compact abelian group whose com-
ponent of the identity is C, L. Bagget and G. Meisters [8, p. 436] proved that if
every translation invariant linear functional on LZ(G) is continuous then G/C
has a finitely generated dense subgroup, and the converse of this statement was
proved by B. Johnson in [4]. More recently, J. Bourgain [1] has proved that for
1 < p < oo, every translation invariant linear form on L?(T) is continuous.

In [16], G. Woodward proved that for a noncompact, o-compact group,
L'(G) admits translation invariant, discontinuous linear functionals. If it is
further assumed that G is amenable, he proved that for 1 < p < 00, L?(G)
also admits translation invariant, discontinuous linear functionals. On the other
hand, if G is not amenable, G. Willis [15] has proved that there are no nonzero
translation invariant linear functionals on L?(G) for 1 <p < co.

A second purpose of this paper is to obtain analogues of these results of
Woodward where translations on the group are replaced by convolutions by
measures in M' (G) which satisfy certain growth conditions. These results are
then applied to show that for each 1 < p < oo, L?(R) has an infinite, linearly
independent family of translation invariant, discontinuous linear functionals
which are not %' (R)-invariant. This is proved by showing that the subspace of
LP(R) spanned by {f -4 *fif€ LP(R) and g € R} is both contained and has
infinite codimension in the subspace of L?(R) spanned by {f—¢xf: f € L”(R)
and ¢ € P! (R)} . Some notation to be used in the paper now follows.

Let M(G) denote the regular Borel probability measures on G, let M l(G)
denote the probability measures in M(G) and let #'(G) = M'(G)nL'(G).
If u € M(G), it is defined in M(G) by j(4) = u(A~"). Let S € M'(G)
and let X be a Banach space of functions on G orlet X be L?(G) for some
1 <p<oo. Then X issaid to be S-invariant if forall €S and f € X, the
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convolution u x f is defined and is in X . In this case let

n
AX,S)= {Z(fi—,ui*fi):neN,uieSandf,.eXforlsiSn}.
i=1
If §$={d,:¢ € G} and X is S-invariant, then X is said to be translation
invariant, and A(X, S) is denoted by A(X, G). Let X' denote the algebraic
dual of X, and let X be S-invariant. Then an element T of X' is said to
be S-invariant if T(ux f) = T(f) forall u € S and f € X. Clearly, T is
S-invariant if and only if 7 =0 on A(X, S). If X is translation invariant,
a functional T € X' is said to be translation invariant if it is {9, }-invariant
for all g € G. The set of all S-invariant functionals in X’ is denoted by
I(X, S), and the set of all translation invariant functionals in X’ is denoted
by I(X, G). Of course, I(X, G) =I(X, {6g:g € G}).

A particular left invariant Haar measure on the locally compact group G will
be denoted by 4. The bounded continuous complex-valued functions on G will
be denoted by C(G), the functions in C(G) which vanish at infinity will be
denoted by C(G), and the left uniformly continuous functions in C(G) will
be denoted by CU(G). Each of the spaces C,(G), CU(G), C(G) and L?(G)
for 1<p<oocis M l(G)-invariant. The identity element of G is denoted by
e.

2. THE GENERAL SETTING

Let S be a subset of M l(G) and let X be a space L”(G) forsome 1 <p <
oo, or let X be an S-invariant Banach space of complex valued functions on
G.

Proposition 1. If A(X, S) is not closed in X , there are discontinuous S-invariant
Jfunctionals on X .

Proof. With trivial changes, this may be proved along the lines of [7, Theorem
1] (see also [16, Theorem A]).

Lemma 1. Let S, S, and S, be subsets of M 1(G), and let X be invariant
under S, S, and S,. Then the following hold:

(1) AX,S)=(\{Kernel of T:TeI(X,S)}, and
(i) I(X,S)) CI(X,S,) ifand only if A(X, S|) 2A(X, S,).

Proof. Tt is obvious that if T € X', then T € I(X, S) if and only if T =0 on
A(X,S). Also, if h € XNA(X, S)", there is T, € X' so that T,(h) # 0 but
T,=0 on A(X,S). Then T, € I(X, S) but & does not belong to the kernel
of T,. Conclusions (i) and (ii) follow from these observations.

Proposition 2. Let S, and S, be subsets of M l(G) such that for some v € S,
v*S,CS,. Then I(X,S,)CI(X,S,) and A(X,S,) CA(X,S,).
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Proof. Let Te I(X,S,), p€S, and f€ X. Then T(u*f)=T(w*uxf)=
T(f),as v+u€S,. Hence, T € I(X, S,) sothat I(X, S,) CI(X,S,). The
remainder follows from (ii) of Lemma 1.

Corollary. Let 1 < p < 0. Then A(L*(G), G) € A(L*(G), #'(G)) and
KL*(G), G) 2 I(L*(G), '(G)) .

Proof. If a€ G and ¢ € .?'(G), then ¢4, € .@'(G). Hence Proposition 1
applies.

Definitions. A nonempty subset S of M (G) is said to be adapted if ud)=1
for all u € S implies that the group generated by A4 is dense in G. This is
equivalent to requiring that there is no proper closed subgroup of G which
supports all elements of S. A single measure u € S is said to be adapted if
{u} is adapted.

If G is noncompact, a family (4,),., of subsets of G is called dispersed if
for each n € N, and each compact subset K of G, thereare a,, a,, ..., , €
I such that AaiKnAajK=® forall 1<i<j<n.

Proposition 3. Let G be a-compact and let S be a nonempty subset of M I(G).
Then the following hold:

(i) if G is compact, S is adapted and 1 < p < oo, then A(L*(G), S) is
dense in L{(G), and the only continuous S-invariant linear functionals
on LF(G) are the multiples of Haar measure,

(ii) if G is not compact, S is adapted and 1 < p < oo, then A(L?(G), S)
is dense in LP(G), and the only continuous S-invariant linear functional
on L*(G) is 0,

(iii) if S is right translation invariant, then A(L'(G), S) is dense in L(',(G)
and the only continuous S-invariant linear functionals on L' (G) are the
multiples of Haar measure, and

@iv)~if G is noncompact and if the supports of the measures in S form a
dispersed family in G, then A(Cy(G), S) is dense in Cy(G).

Proof. The first statements in each of (i), (ii) and (iii) are contained in Theorem
3 of [9]. The proofs of the remaining statements in (i) and (ii) are similar to
the following one for (iii). Choose f € L'(G) so that JgfdA #0. Then for
geL'(G),

o= (o) (o) 1+ o= (o) (L))

The function in the square brackets is in Lé(G) . Hence, if L is a continuous
S-invariant linear functional on L'(G), we have L =0 on L}(G) by the first
part of (iii), so that L(g) = (fodl)'lL(f) J;&di, forall ge L'(G).

To prove (iv), let f € Cy(G) and n € N. Let K be a compact subset of G so
that |f(x)| < n! , forall x € GNK®. Then choose MUys Uys..n s B, €S sothat
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if 4,,4,,..., A, respectively denote their supports, then 4,K N A4 jK =9,
for i # j. Thenif x ¢ 4K,

(i, (%) < /A 1™ ol ts) <

Hence, |(C0_, #; * /)(x)| < 1, if x & Ui_, 4,K. On the other hand, if x €
U, 4,K . x € A;K for a unique j, so in this case [T, * f)(x)| <
(n=1n"" +|fll,,. Hence, [|X7_ #;* fll, S 1+ Ifll. If v € Cy(G)" is
S-invariant, we now have

()l = v (nl(Eluf))

true for all n,so v(f) =0. Hence, if v € C;(G)" and v =0 on A(Cy(G), S),
then v = 0. It follows that A(C,(G), S) is dense in Cy(G).

Remark. The proof of (iv) is an adaptation of [16, Lemma 1(i)], which applies
when § = {5g: g € G} (see also [10, pp. 237-238]).

<n vl +IAl)

3. RESULTS ON COMPACT GROUPS

If G is a locally compact group, let G denoteAthe dual object of G, and let
1 denote the trivial representationin G . If o € G, we regard o as a particular

continuous unitary representation of G in B(H_), the bounded linear operators

on a Hilbert space H, whose dimension is denoted by d, and whose unit ball
is denoted by U, . If u € M(G) and o € G, o) € B(H,) is given by the
equation

(o), v) =/G(a(t)u, vydu(r), forallu,veH,
If SC M'(G), let H(S) be defined by
H(S) = {n_1 (Eui) :ne€Nand y;eSforall 1 <i< n}.
i=1

Then S C H(S).
Lemma 2. Let G be a compact group and let S be a subset of M l(G). Then
the following hold.

() If S is adapted, for each a € G with o # 1, there is v € H(S) such
that I, —v(a) is invertible on H_, and

(ii) if {@t* u:pu € S} is adapted, for each o € G with o # 1, there is
v € H(S) such that ||0(a)|| < 1.

Proof. (i) Let S be adapted and let 0 € G with ¢ # 1. Nowlet u € H_,
flull =1 and ji(o)u=u forall u€S. Then

(3.1) /G(l —{(a(x))(w), u)) du(x) =/G((u, u) = ((a(x))(u), u)) du(x) =0,
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forall u€S. As 4 >0, and as x — ((g(x))(u), u) is continuous on G, we
deduce that
V= (u, u) = ((a(x))(w), u),
for all x belonging to the support of u, for any u € S. Thus, for any such x,
(o(x))(u) is a multiple of u. Using (3.1), it now follows that (a(x))(u) = u, for
all x belonging to the support of any u € S. As S is adapted, (o(x))(¥) =u
for all x € G, which contradicts the fact that ¢ #: and o is irreducible.
It now follows that if ¢ € Gn {1}°,

ﬂ{Kernel of I — j(o): u € S} = {0}.

Each kernel of I, — ji(o) is closed. Also, U, is compact, as compactness of G
implies H, is finite dimensional. Hence there are 4, ..., 4, €S so that

({Kernel of I, — j;(6):i=1,2,..., n} ={0}.
Let v = n"l(E;;l ;) € H(S). Then if (I, —0(0))(u) =0, for some u € H,

with ||u|| = 1, we have
n
u=n" (Z [t,.(a)u) .
i=1

As u is an extreme point of U_, and as 2(o)U, C U, forall u € MI(G), it
follows that u = ,(g)u, forall 1 <i<n. Hence,
ue ﬂ{Kernel of I - p,(0):1<i<n}={0},
so u=0. Hence I, —9(0) is injective on H_. As H_ is finite dimensional,
I, — (o) is invertible on H_ . This proves (i).
(ii) Let {fi*u:u € S} be adapted and let o € GN {1}°. Then as in the proof

of (i) it follows that there are u,, ..., u, €S so that
({Kernel of (g, * u,)"(6) = I,):1 < i < n} = {0}
Hence, if u € H, and ||u| = 1, then for some i€ {1,2,..., n}, ||4,(0)u| <

1. As H_ is finite dimensional, U, is norm compact and it follows that

In~ (i, &)l < 1. Hence, if we let v = n™ (7, ), v € H(S) and
@)l <1.

Lemma 3. Let S be a subset of M'(G). Then if {ft* u:pu € S} is adapted,
S is adapted. Also, if S is adapted, if S C .9’1(6) and if e € N{support of
u:u €S}, then {fi*u:u €S} is adapted.
Proof. Let H be a closed subgroup of G so that u(H) =1 forall u € S.
Then (axu)(H)=1,forall u€S. Hence if {fixu:u € S} is adapted, so too
is S.

On the other hand, let H be a closed subgroup of G so that (axu)(H)=1,
for all u € S. Then for each u € S, u(sH) = 1 for p-almost all s € G.
If §cC .@'(G), s — u(sH) is continuous on G for all 4 € S. Hence in
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this case u(sH) = 1 for all s in the support of u, for each u € S. If
e € N{support of u:u € s}, we then have u(H) =1 for all u € S. Thus,
under these assumptions, if S is adapted, so toois {f*u:u € S}.

Remark. 1t is not true in general that if S is adapted, sois {ii*u:u € S}. For
example, let H be a proper closed subgroup of G and let x € G be such that
xH is not contained in a proper closed subgroup of G. Let v be the Haar
measure on H. Then J, * v may belong to 2'(G) and in this case d, % is
adapted. However, (d, x )™ * (0, *v) = v, which is not adapted.

The following result uses some concepts and terminology from the interpola-
tion theory of linear operators. Definitions of undefined terms and a description
of the interpolation method may be found in [5, Chapter IV].

Lemmad. Let B be a vector space which is the direct sum of two vector subspaces
C and D. Let n: B — C be the associated projection. Let |||- |||, and ||| |||,
be two norms on B which are consistent, and let = be bounded in each of these
norms. If X is a vector subspace of B and 0 < a <1, let |||-|||y , denote the
norm obtained on X by interpolating between the restrictions to X of ||| - |||,
and |||-|ll,- Let |||-|llz, ¢, denote the norm on the quotient B/C obtained in
the usual way from the norm |||- ||| , on B. Then the spaces (D, |||-|llp ,)
B/C, I, c.o) and (D, ||l a) are mutually isomorphic as normed vector
spaces.

Proof. The result is surely known, although I have no explicit reference. It can
be proved in a routine if tedious manner from the assumptions and the defini-
tion of the interpolation procedure that (D, |||-|l|, ,) and (B/C, |l|:lllz ¢.4)
are isomorphic. The isomorphism of this latter space with (D, |||-|||5 ,) is then
easily checked.

Theorem 1. Let G be a compact group and let S be an adapted subset of M l(G).
Suppose that there exist 0 < < 1, a finite subset F of G and v € H(S) such
that ||D(o]| < & forall o € GNF°. Then there exist y,, iy, ..., i, €S 50
that for each 1 < p < oo,

(3.2) Lf;(G):{Z(fi—ui*fi):fl,fz,...,fneLp(G)}.

i=1

Also, if v is any linear functional on L?(G), for some 1 < p < oo, and such
that y(u,* f) =w(f) forall 1<i<n and f ¢ L?(G), then y is continuous
on L?(G) and is a multiple of Haar measure.

Proof. For each o € G, let u; ), 1<i,j<d,, beaset of coordinate func-
tions for . Let & (respectlvely, 5{,  for 1 <k <d) be the subspace

of LZ(G) spanned by u(.”.), 1 <i,j < d, (respectively, ulk for 1 <i<

d). If p,,p,,..., Pa, is an orthonormal basis for H_ such that u(")( ) =
(a(x)p;, p;) for all x € G and all 1<i,j<d,let T, 2%, —»Ha be
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defined for 1 <k <d, by

dﬂ dﬂ
T, « (Z‘)’\/‘Z“EZ)) = Zcipi'

Then T, , is a linear isometry, which shows that the left regular representation
of G on 9’ ¢ is equivalent to @ [3, p. 36]. If u € M(G), let T, denote the
operator obtained by convolution by u. Then for 4 € M(G), Ta’ k© Tﬂ =
M@)o T, , on .9; x> S0 that (@) corresponds, under this equivalence, to
convolution by u on &, , . Hence, ||T,,||ya = |a@)||, for 6 € G and 1 <
k<d,. ’

If F is a finite subset of G and 1 < p < o0, let

L2(G) = {ffeL” G)and/fhdl 0 for all h € Uy}

o€F

and let X(G) =Y 7%, . Then X, (G) is a finite dimensional (hence closed)
subspace of L”(G). If u € M(G),both L%(G) and X(G) are invariant under
T, . Now define n:L*(G) — Xz(G) by

n(f) = UGF(,JI(/fu(UdA) )

Then 7 is a linear projection from L*°(G) onto X.(G) and its kernel is

L7(G).
Let 2 < p < oo and let r be chosen so that p < r < co. Let |||-[||, be
the restriction to L>°(G) of the L*-norm and let [II-]ll, be the corresponding

restriction of the L"-norm. The projection 7 is continuous in each one of these
norms, and the norms are consistent. Choose 0 < a < 1 so that the norm on
L™ (G) resulting by interpolating between ||| - |||, and ||| - |||, is the L”-norm.
Now let S, F,v and J be as given in the theorem. Then : € F. It follows
from the Peter-Weyl theorem and the fact that |7, || % .= |l2(@)]| , that if h|A

denotes the restriction of a function 4 to a subset of 1ts domain, then
T, |L (G )"|||.|||0 <d<l.
Hence

[eS) oo l-a a
ITALE @l < ITILF @ ITILE Gy,

<5 <1

Thus, (I — T,)|L7(G) is bounded and invertible on the completion of
(LFG), Il llz(G),o) - By taking in Lemma 4 the spaces L*(G), X:(G)
and L;°(G) for B, C and D respectively, we can now deduce that I — T, is
a bounded invertible operator on (L7(G), |- |,)-
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Let f € L§(G). Then we can write f = f6+zalepfa , where f; € L%(G) and
f,eZ forall 6 € F(f,=0). Let g,=(I-T,)” fy € L%(G). If 6 € FN{1}*,
since S is adapted, by Lemma 2 and the remarks above, it follows that there is
v, € H(S) so that I — T, isinvertibleon &. Let g, =(I-T, )'lfa €.
We now have

f=U-T)g+ )Y, (I-T,)s,
geFN{1}¢
=(g-v*g&)+ Y. (& —V,*8&,)
g€FN{1}°
It should be noted that the choice of v and the v, is independent of p and
fe€ LS(G) . This proves (3.2) for 2 < p < oo and also contains the proof with
p=2.1f 1 <p<2,aninterpolation argument similar to the one above suffices
to prove the statement. The remaining part of the theorem follows immediately.

Corollary 1. Let G be a compact group and let S be an adapted subset of
M"'(G) such that Sn P'(G) # @. Then there are Kys--os My €S so that for
all 1 <p< oo,

n

LS(G): {Z(f,.—,ui*fi):fieLp(G)forl giSn}.
i=1

Also, any linear functional on L”(G) which is U-invariant forall i, 1 <i<n,

is a multiple of Haar measure.

Proof. Let ¢ € S ﬁ.@l(G). Then ¢ € co(G) [3, p. 81]. It is clear from this

that Theorem 1 applies.

Corollary 2. Let G be a compact group with a finite number of components, let
l<p<oo andlet ¢ € @l(G) be such that [.$¢di > 0 for each component
C of G. Then L{(G) = {f — ¢ f:f € L°(G)} and every ¢-invariant linear
functional on LF(G) is a multiple of Haar measure.

Proof. We have, for any Borel subset B of G,

/B b+ pdi = /G ( /l_quﬁ(s)dA(s)) 3t~ )dao).

If [,¢*¢di=1,since *¢ e P (G), it follows that [, .é*ddi >0 for
each component C of G. In particular, [ 4nC, & * pdA > 0, where C, is the
component of the identity. It follows from Proposition 2 of [9] that the group
generated by AN C, equals C,. Hence, the group generated by 4 contains C,
and intersects each coset of C, so it must equal G. Hence é ¢ is adapted.
Now Lemmas 2(ii) and 3 show that Theorem 1 applies with S = {¢}.

Corollary 3. Let G be a compact abe{ian group, and let y e M l(G) be such
that |Q| is bounded away from 1 on GN{1}°. Then for each 1 < p < o,

LY(G) = {f - u+f:f € L (G)}.
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Any linear functional on LP(G) which is u-invariant is a multiple of the Haar
measure on G.

Proof. Since || is bounded away from 1 on Gn {1}°, u is not supported by
a proper closed subgroup of G. Hence u is adapted and Theorem 1 applies.

Remarks. 1. Corollary 2 implies that if ¢ € .9’1(6), where G is a compact
connected group, then L{(G) = {f — ¢ * f L*(G)} forall 1 <p < co. This
is a substantial strengthening of the Corollary to Theorem 4 in [9], which only
applies to such groups when the regular representation of G upon LS(G) does
not weakly contain the trivial representation.

2. Corollary 3 may also be proved by the method given for Lg(T) in the
introduction, and then using interpolation theory.

3. Let H be a countably infinite dense subgroup of a compact abelian group
G. Then the linear space spanned by {f —d, * f:h € H and f € L?(G)}
is not closed in Lg(G) for 1 < p < oo [12 and 13, Theorem 15]. However,
{,:h € H} is adapted, so this shows that the condition in Theorem 1 that
|2(0)]| < <1 for o € GNF° cannot be dropped. On the other hand, as the
results mentioned in the introduction concerning group translations show ([6,
Theorem 1], for example), this condition is not always essential for a conclusion
along the lines of Theorem 1.

4. RESULTS ON NONCOMPACT GROUPS

In this section, conditions are given which ensure that certain types of discon-
tinuous invariant functionals exist on various function spaces on noncompact
groups. If 4, K are relatively compact subsets of G, let

Z(4,K)={x:x e Aand xA~' 2 K}.

Lemma 5. Let K, C be relatively compact subsets of G. Then there is a rela-
tively compact open subset A of G such that A2 C and Z(A,K) 2 C.

Proof. Let A be relatively compact, open and such that 4~' > C™'KuC™!.
Then 4 D C and if x € C, xA~! 2 K so that x € Z(4,K). Hence
Z(4,K)2C.

Lemma 6. Let u € M'(G) and let K be a compact subset of G such that
u(K) =1. Let A be a Borel subset of G. Then the function x,—uxyx, is zero
outside of (AUKA)NZ(A, K)°.

Proof. We have (uxy ,)(x) = foA(s_lx)du(s) =[x X 4-1du. Hence puxy, =
lon Z(4,K),s0 x,—uxx,=0on Z(4, K). Also, if x4 'nK =@, then
uxx,(x)=0.Hence x,—puxx,=0 outside of KAUA. Thus, x,—ux*yx,
is zero outside (AUKA)NZ(A4, K)°, as required.

Definitions. If 4 is a Borel subset of G and u € M(G), let u, € M(G) be
given by u,(B) = u(4 ﬁB)/t(A)_l ,if u(4)#0,andby u, =0,if u(4)=0.
Then if u € M'(G) and u(4) >0, u, € M'(G).
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When G is a o-compact group, let #(G) be the set of all sequences 7 =
(Kn)‘;‘;1 of relatively compact subsets of G such that:
(i) each set K, is open,
(i) K,CcK,,, forall n,
(i) K, =K' forall n,
(iv) ee K, forall n, and
v) G=U<,K,.

Since G is g-compact, (G) # @. If 1€ F(G), let
M(z) = {u:u e M'(G)and S (1- u(K,)) < oo} .
n=1

M(71) is a convex subset of MI(G) and Mcl(G) C M(1), where MCI(G) de-
notes the measures in M l(G) of compact support. Hence, A(LI(G), G) C
A(LY(G), M(7)).

Theorem 2. Let G be a-compact but not compact, and let T € #(G). Then
A(LI(G), M(t)) is not closed in Lé(G), and there is a discontinuous linear
functional on L'(G) which is M(t)-invariant.

Proof. Let T = (K,) € #(G). Let L, = GNK,, for n € N. Then u =
u(K, g +u(L,)u, , for pe M'(G) and neN. Let f € L'(G) and let 4
be a Borel subset of G. Then, for p e M l(G) s

[ =uenai] <|[ (7=, x 0|+ |uiL,) [ g, = f =, x 12
@.1) <| [ 7004 e, » )|+ 20011,
</ 1A+ 2L

where T, is any Borel subset of G such that y, — i K, * X4 is zero outside of
T .

"Let V' be an open relatively compact neighborhood of e. Define induc-
tively a sequence of open, relatively compact subsets of G as follows: 4, =V
and when 4, ..., 4, have been defined, let 4, , be open, relatively compact
and such that 4,., 2 4,, 4,.,N Af contains some left translate of V' and
Z(A K, )2 K, A, (here Lemma 5 has been used).

r+1° “tr+l

Let re N and ue€ M'(G). Put T, = K, 4, NZ(4,,K,)°. As e € K, and
K =K, ! we deduce from Lemma 6 that b i i K * X4, is zero outside T,.
Also, if r > 5, Z(4,,K,) 2 K,_|A,_, 2 T,, so that T, N T, = &. Hence,
forany u e M l(G), the functions in the sequence (y 4, " ﬁKn * X An):il are
concentrated on pairwise disjoint sets.
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Let f e A(L'(G), M()), and let f,,..., f, € L'(G), my,..., 1, € M()
be such that /= Y7  (f;—u,; * f;). Let (u;)g, be denote by K g - We now
have, using (4.1),

/A fda

/A<f,-—n,-*f,~>dz|

q9
<)
i=1

q q
<> [ 1ldre 230 - mEDIL,
i1 7T, i=1

Since the sets in (7,)7 are pairwise disjoint and Y > (1 — #,(K,)) < oo for
each 1 <i<g, we now have

q oo
/ fdi < (Zl uz:.nl) (1 +2 max (g(l —u,-(K,,))))

<o, forall feAL'(G), M(1)).

Since 4,,, N Af, contains a left translate of V', for each n € N choose a, € G
sothat a V C 4, NA, | (if n=11let a =e and 4, = @). Then the
method of [16, p. 212] may now be used to construct ¢ € Lé(G) as follows:
$(x) = AV)™' for x € 4,, ¢(x) = =27"A(V)™' for x € a,V and n >
1, and ¢(x) = O elsewhere. Then as in [16], Z:in IfA"¢dl| = o0, S0 by
(4.2) ¢ ¢ A(L'(G), M(t)). However, since A(L'(G), G) C A(L'(G), M(1)),
it follows from Proposition 3(iii) that ¢ € A(L'(G), M (1)) = Lé(G) . Hence
A(Ll (G), M(7)) is not closed in L (G) . The proof of the theorem is completed
by applying Proposition 1.

(o <]

2

(4.2) n=1

Remark. Theorem 2 leaves open the question of whether A(L'(G), M l(G)) =
L(l)(G). Equivalently, are there discontinuous M l(G)-invariant linear functions
on L'(G)?

Definition. Let 7 = (K,) € (G) and let g = (B,) be a decreasing sequence
of strictly positive numbers with limit 0. Then define M (7, 8) to be the set
of all measures x4 in M'(G) such that, for some K € R (depending on u),
1-u(K,) <KB,, forall ne N. M(t, B) is a convex subset of MI(G) which
contains Mc](G). The following is an analogue for L’(G) (1 < p < oo) of
Theorem 2 which applied for LI(G) .

Theorem 3. Let G be noncompact, a-compact and amenable. Let © = (K,) €
& (G) and let B = (B,) be a decreasing sequence of strictly positive numbers
whose limit is 0. Then the following hold.

) If l<r<p<oo and B el, A(LF(G), M(z, B)) is not closed in
L?(G), and there is a discontinuous linear functional on LP(G) which
is M(t, B)-invariant, and
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(ii) if X denotes any one of the spaces Cy(G), CU(G), C(G), L*(G),
then A(X, M(t, B)) is not closed in X and there is a discontinuous,
M(t, B)-invariant functional on X .

Proof. Let 1 <r<p<oo and p_l +q_l =1. Let 6 > 0 be chosen so that
rip+d <1 (if p=oco, g=1 and r/p =0). As G is amenable, there is a
sequence (V,) of open, relatively compact subsets of G sothat K, CV, CV,_,
and A(s™'V,AV,) < BP9V ), forall neN and s €K, .

Now if fe€ L?(G) and pue M '(G), a calculation along the lines of [16, p.
209] shows that

< A1, a1,

| (7~ g+ frda
Va

Also, if u € M(t, ) and M > 0 is chosen so that 1 — u(K,) < MB, for all
n, and if we use the fact that u = u(K,)uyx +(1—u(K,))lgnge (as in the proof
of Theorem 2), we find that

/V(f—u*f)dl

< I8P, (1 + 208,17y,

It follows that if u € M(t, B), there is a constant M’ so that

/ (f = wx )dA| < MIf1,B7*°AW,) %, forall n e N and f € L¥(G).
V.

n

An easy consequence of this is that if & € A(L”(G), M(z, B)), thereis L >0

so that
/ hda
| 4

(4.3) <LB"°w)"%, forall n.

Now consider the case where 1 < r < p < oo and B € I". Define g
on G by g(x) = BPA(¥,)""” for x € ¥, and g(x) = B/PA(V,)""" for
xev,n V,f_l and n > 2. Then by a similar argument to [16, p. 210], it follows
that g € LP(G), so that

/ gdai
Va

Comparing this with the preceding inequality, we see that

g ¢ AL"(G), M(z, B)).

Since A(L"(G), M(t, B)) is dense in L?(G) by Proposition 3(ii), we see that
A(L*(G), M(z, B)) is not closed, and the rest of (i) follows from Proposition
1.

In this case where p = oo, choose a decreasing sequence (6,) of strictly

5 .
, = 0. Let U be a symmetric, open,

> gPav)"e,  forall n.

positive numbers so that lim,_ 6 'g
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relatively compact neighborhood of e. Define w(x) = 6, for x € UV|, and
y(x)=46, for x e UV, N UV,f_l and n>2. Let g = ).(U)'IXU and define
¢ € C,(G) by putting ¢ = g*y . Similarly to [16, p. 210}, | f;, ¢dA| > 6,A(V,),
and by (4.3) it follows that ¢ ¢ A(L™(G), M(z, B)). Part (iin) of the Theorem
now follows easily using Proposition 1 and Proposition 3(iv).

Remarks. The proofs of Theorems 2 and 3 are based upon the approach taken
by G. Woodward in proving corresponding results for the spaces A(L?(G), G)
[16, Theorems 1 and 2]. In the case of Theorem 3, substantial modification was
required to the proof of Theorem 1 in [16], so a relatively detailed proof has
been presented. In the case of Theorem 3, lesser modification was required, so
the proof of Theorem 3 has been somewhat truncated.

2. Theorem 3 leaves it open as to whether there are discontinuous M l(G)-
invariant linear functionals on Lf(G), for 1 <p < .

Lemma 7. Let g be a nonzero, nonnegative measurable function on R which is
integrable on each compact subset of R and vanishes on (-0, 0). Let a > 0
and let y € P'(R) be such that for some b€ R, y =0 on (-0, b). Then
the following hold:

(i) f 620, [2(wxg)tydt< [2 g(t)dt, and
(i) wxg=0 on (-, b).

Proof. Part (i) follows easily from the fact that

[weawa= [Tvo[[ " swar as,

—-a b -s—a
and (ii) follows from the definition of convolution.

Theorem 4. Let X denote any one of the Banach spaces LP(R) for 1 < p < oo,
C(R), CUR), C(R) or L*”(R). Then A(X, R) is a subspace of A(X, .@I(R))
and it has infinite codimension in A(X , ' (R)). There exists in X' an infinite,
linearly independent family of translation invariant linear functionals, such that
each of these is discontinuous and is not P (R)-invariant.

Proof. The Corollary to Proposition 2 shows that A(X, R) is a subspace of
AX,2'(R). If n, seNlet K, = (-n',n’) and let 7, = (K, )2, €
F(R). Also, let V = (-1, 1). '

Case 1. 1<p<oo.Let l<r<p,let d>0 bechosensothat r/p+d<1,
andlet p™'+47' =1 (if p=o00, 0<d <1, r/p=0and q =1).
— _ ,(r/p+d)g+ :
If n,seNletV, =(-c,,c,,), where ¢, - =n"""%"  Finally, let
B =(B,),., where B"=n_l for all n.
It is easy to check that K, ;S V, ; and that

n,s

v}
M(=t+V, )AV, )< Py )
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forall n € N and ¢ € K, (. It follows now from (4.3) in the proof of

Theorem 3 that if X is any one of the given spaces except LI(R), for each
heA(X, M(z, B)) thereis L >0 so that

/ hda
V

n,s

(4.4) <Ln, forallneN.

Now for n,s €N let ¢, ; and ¢, be given in .97’1(][&) by

n,s
1= —(144/2)
Gns =X, e 4 a0d b =(((1+6/2)7 Y i $; 5
T i=1
Let g be any function as in Lemma 7. Applying this lemma, and observing
that ¢; if and only if i > n now gives

S— ns

/ (8- 6, » g)dd = (¢(1+6/2)7 3+ / (8-, ,* &)t

i=1

(4.5) > ({(1+8/2)”" (Z “*"’2)(/ s(dr)

> (¢(1 +5/2))“2a"n“’/2/ " ()L,
0

CaseIA. 1 <p<oo and X = LP(R). For s € N define g, on R by letting

gx)=1, forxel0,1),
g(x)=n""c\"  forxelc, ¢, ), n>2, and

g&(x)=0, forxe(~o0,0).
Then g, € L°(R) since

/ 18, di

> 1
-r -
E (cn,s _cn—l,s)

r
n <oo, asr>1.

&8 i

X
It
—

Also,

n,s “n,s

/ gdi>n""Pe e =t
V s
It now follows from (4.5) that for all n € N

/ (8, — &, * 8)dA > (((1+6/2)) 26 n??+/1,

Vass

Comparing this with (4.4) shows that for each s € N,
8~ b+ 8 & AL"(R), M(1,, B)).
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On the other hand, if s,,s, € N, a routine calculation shows that ¢Sl €
M(z, , B) if and only if s, > 267 (s, + (r/p +8)q) -

Now let 5, € N and define 5, € N by letting s, > 2(5'1(sn_l +(r/p +9d)q)
for n > 2. Then the subspaces A(L’(R), M(z, , B)) of L?(R) increase as n
increases. Also, forall n € N,

g, —9, & EAML'(R), M(z, , B)NALR), Mz, , B)).

It follows easily from these facts that no nontrivial linear combination of func-
tions in {g - ¢, * g :n € N} belongs to A(L’(R), M(z, , B)) or
to A(L’(R), R), since this latter subspace is smaller. Since each function
g — o, x8 € AL’(R), P! (R)), it follows that A(L’(R), R) has infinite
codimension in A(L”(R), #'(R)). For each n € N, there is L, € (L”(R))’ so
that L =0 on A(L°(R), R), Ln(gs,,“/’s,,*gs,,) =1 and Ln(gsm—¢sm*gsm) =0
if m# n. Then {L,:n € N} is an independent family of translation invari-
ant functionals which are not .g"l(G)-invariant. Proposition 3(ii) implies that
each L is discontinuous. This proves the theorem when X = L°(R) and
l<p<o.

Case IB. p =0 and X = C(R), CU(R), C(R) or L*(R). In this case let
h=2""y, = 2'1)((_1’1) € #'(R). Note that in this case Cps= n’* . If seN
define y, on R by letting

y,(x)=0, ifxe€(-oc0,1), and

b
Sn+1

v, (x) = nP ifxeln-1)"+1, n®¥+1), neN.
Thenh  y, € Cy(R), h*y, = 0 on (—oo, 0], and (h* y,)(x) > n~°", for
x €2, n"“) . If we now use the approach in the preceding case with Ay in

place qf g, we find that

s+4

A R R AL B R T e M CIYATOL

n,s

2 '
z(c(1+6/2))“25“n“’/2{/0 (h*y/s)(t)dt+/2 (h*://s)(t)dt}

> (C(1+6/2)) 267 0P (0™ — 2)n 013

> (C(1+6/2)7'67 w8, it n > 469,
Comparing this with (4.4) with ¢ = 1 shows that h* y, - ¢ xh*x y, &
A(L™(R), M (t,, B)). The statements in the theorem for this case now fol-
low by an argument similar to the one for L’(R), 1 <p < cc.

Casell. p=1and X=L'(R). If n,s €N let 4, = (=n**', n**"y. Then
V=4, A N AS _ contains a translate of ¥ and Z(4 K. )2

r+l,s r,s r+l,s? “trel,s/ =

A4, +K, . It follows from (4.2) in the proof of Theorem 2 that
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(4.6) ; /A fda

Now let 6, = ({(2)™ 52, i *xyunt w141y € P (R), andlet h € L'(R) be such

1

that >0, h=0 on (—o00, 0), and 4 # 0. We deduce from Lemma 7 and a
similar argument to the one used in the previous cases that for all n € N,

<oo forall fe A(L'(R), M(1,)).

s+1

/n (h—0s*h)(t)dt26(2)"n”'/n h(t)dt.
! 0

n:+

Consequently,

/ (h—es*h)dl‘ = o,
An,s

n=1
so that by (4.6) above, h — 0, x h ¢ A(LI(R), M(z,)). On the other hand,
it is routine to check that 05; EM (Tsz) if and only if s, > 5, + 1. Hence
h— 0, xh e AL'(R), M(1,,,,)) N (A(L'(R), M(1,,)))°, for all s € N. The

conclusion of the theorem for X = LI(R) now follows along similar lines to
the previous cases.

Remark. When G is a noncompact, nondiscrete, g-compact group which is
amenable as a discrete group, it has been proved by E. Granirer [2] (see also
related results of W. Rudin in [14] that L*°(G) has an invariant mean which is
not &' (G)-invariant. Corresponding results for C(G) have been derived by J.
Rosenblatt [11]. The means on these spaces are continuous. Theorem 4 seems
to provide the first example of a discontinuous linear functional on a space
L*®(G) or C(G) which is translation invariant but not %' (G)-invariant.
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